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Far-Field Computational Boundary Conditions for
Two-Dimensional External Flow Problems
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Far-field computational boundary conditions for external flow problems have been developed from analytic
solutions of the linearized steady-state Euler equations. These boundary conditions have improved accuracy
compared with commonly used characteristic boundary conditions. The Euler equations are linearized about a
constant pressure, rectilinear flow condition that truly represents conditions at infinity. Because the Euler
equations are used to develop the boundary conditions, the flow crossing the boundary can be rotational. The
boundary conditions can be used with any numerical Euler solution method and allow computational
boundaries to be located very close to the nonlinear region of interest. This leads to a significant reduction in
the number of grid points required for numerical solution. Numerical results are presented that show that the
boundary conditions and far-field analytic solutions provide a smooth transition across a computational
boundary to the true far-field conditions at infinity. They also demonstrate the synergism that can be realized
from coupling analytic and computational methods. Computational efficiency gains are shown to be substantial.

Introduction

N UMERICAL solution procedures for nonlinear fluid
dynamic equations usually use one or more artificial

computational boundaries located at some distance from the
primary region of interest to limit the physical domain to finite
size. If the flow crossing such a boundary (either inflow or out-
flow) is subsonic, then some type of computational boundary
conditions must be imposed that simulate the influence of the
true far-field conditions at infinity. These boundary condi-
tions must be such that waves crossing the boundary do not
produce erroneous reflections back into the computational
field to degrade the calculations. It is generally acknowledged
that simply imposing conditions at infinity (such as the free-
stream Mach number) at computational boundaries is usually
inappropriate because they produce spurious reflections back
into the computational domain. Standard practice has con-
sisted of locating the boundaries quite far from the region of
interest in an attempt to simplify the boundary condition
models and minimize any effects of inconsistent modeling.
The net effect is a significant increase in the number of grid
points required for an accurate flowfield calculation.

A boundary modeling procedure for two-dimensional exter-
nal flows is presented that alleviates the aforementioned diffi-
culties and allows the computational boundaries to be located
much closer to the nonlinear region of interest. The procedure
is limited to steady, inviscid flow, although the flow can be
rotational. It represents a logical first-order extension of the
so-called characteristic (or zero-order) boundary conditions
commonly used with inviscid numerical solution methods. It
also illustrates a consistent method for coupling linearized
analytic solutions with nonlinear numerical solutions by
means of computational boundary conditions. The procedure
is derived from a rigorous asymptotic expansion of the Euler
equations. Therefore, it is applicable to flows that have strong
entropy-producing effects (e.g., shock waves) within the com-
putational region. Such effects can produce large variations in
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density and Mach number in the far field in the direction
normal to streamlines (i.e., an entropy wake) that persist to
infinity and that cannot be treated as small perturbations. A
potential flow model (e.g., vortex correction due to lift) of
such a far field containing rotational flow is inappropriate
because the perturbations decay to zero at infinity.

A large number of boundary condition models have been
proposed in the literature during the past two decades, and
several of the more prominent works are cited herein.1"5 The
most noteworthy models are the nonreflecting boundary con-
ditions that strive to suppress erroneous reflections from the
boundary back into the computational domain. They are derived
by linearizing the steady or unsteady fluid dynamic equations
(usually Euler) about constant far-field conditions and solving
the resulting system assuming a generalized waveform. How-
ever, their utility is compromised if strong rotational effects
are produced in the computational domain because flow vari-
ables other than pressure and flow angle are not constant in
the far field if the flow is treated as inviscid. In that case,
linearization in terms of primitive or conservative variables
yields perturbation quantities that do not vanish at infinity.
Moreover, linearization about average far-field conditions be-
comes questionable if rotational effects are strong. It was
shown earlier6 that conditions are achieved readily for internal
flows where a shock wave produces far-field Mach numbers
downstream that vary by a factor of two. Streamline-normal
gradient variations can be even more pronounced, which cause
strong interactions to persist in the far field. It was also shown
previously that a linearization with decaying perturbations is
possible, but the linear system has nonconstant coefficients.6

The present analysis extends the work presented in Ref. 6 to
external flows. The analysis is based on the previously pro-
posed Riemann variable formulation of the Euler equations.7
This represents a natural starting point because the zero-order
(or characteristic) boundary conditions mentioned earlier are
expressed in terms of Riemann variables. The equations are
linearized about a constant pressure, rectilinear flow condi-
tion, which truly represents conditions at infinity. These lin-
earized equations are assumed applicable in the far-field re-
gion beyond a computational boundary.

The first-order linearized Euler equations are solved using
integral transform techniques and an iterative procedure.
Coupling of these analytic solutions with the nonlinear numer-
ical solution is accomplished by the boundary conditions in an
unambiguous manner. The analytic solutions provide a
smooth transition across the computational boundary to the
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true far-field conditions at infinity. The first-order boundary
conditions are in the form of distributions of flow quantities
to be imposed along the boundary, not constant conditions.
They represent a logical asymptotic extension of the zero-
order conditions for external flows. The additional compu-
tational effort required to impose the first-order boundary
conditions is modest. Furthermore, the boundary analysis can
be coupled with any in viscid numerical solution method. It
can also be coupled with a viscous method by expressing a
wake as a vorticity distribution and convecting this distribu-
tion downstream via the Euler analytic model.8

Numerical results are presented for both inviscid isentropic
and nonisentropic transonic airfoil flows. Two numerical
analysis codes having different algorithmic formulations are
used to demonstrate the versatility and consistency of the
boundary condition procedure. Results obtained using the
first-order boundary conditions are compared with those us-
ing zero-order conditions. It is found that the far-field
boundaries can be located very close to the airfoil with negligi-
ble loss in accuracy. The reduction in number of grid points
required (and computational cost) is shown to be substantial.
The procedure can be extended to three dimensions with com-
parable reduction in grid sizes.

Perturbation Equations
The system of two-dimensional, steady, linearized Euler

equations that describe first-order perturbations from a con-
stant pressure state is derived from the Riemann variable
formulation of Ref. 7. This formulation is used because of its
close relationship with zero-order (or characteristic) boundary
conditions commonly used in numerical solution of the non-
linear Euler equations. These equations are

(1)

dR ' dR 7-1 dO
— + (Q ~ a) — = +JLr- qaS —dt ds 2 dn

1 L 2 \\d ( 2a(S-——-) - (q +——-a
\ y-l/lds \ 7- 1

86 d6 _ _a^dP
dt q ds~ yq dn

dS dS

(2)

(3)

(4)

**2M2— +
ds y - 1 T dn 7-1

a* + 7-1

(7)

(8)

(9)

The local Mach number is denoted by M. Equation (6) is
obtained by subtracting Eqs. (1) and (2). Equation (9) is
obtained by adding Eqs. (1) and (2) and integrating. The
constant of integration, which is proportional to stagnation
temperature, can be set to unity by proper choice of non-
dimensionalizing quantities.

According to Eq. (8), entropy remains constant along
streamlines. In far-field regions of a flowfield where asymp-
totic conditions prevail, the flow can be treated as a perturba-
tion to a constant pressure, rectilinear flow. Such regions
occur near and beyond far-field computational boundaries.
The dependent variables in Eqs. (6-8) can then be expanded in
asymptotic series:

T = Too + T! + T2 +

S = Soo + Si + S2 +

(10)

The flow direction at infinity is assumed constant and denoted
by 0oo; the perturbation quantities 7/, 0/, and S/ vanish at
infinity. Entropy variation is not excluded so that the flow can
be rotational in which case Sw and T<* are not constant, but
vary normal to the streamline direction across the entropy
wake. Furthermore, far-field entropy variations can be strong
(i.e., not small perturbations). Note that T^ depends only on
Soo (because /?<» is constant).

Consistent with the expansions (10), spatial derivatives in
Eqs. (6-8) can be approximated by

8 8— = cos 600(1 - r0i) — + cos
ds dx

— = - cos idn »(T + 0i) 7- + cosdx

8
0i) — + •dy

_a_
dy

(11)

where x and y are reference Cartesian coordinates, 6 is mea-
sured from the x axis, and r = tan 6^.

If expansions (10) and (11) are introduced into Eqs. (6-8),
the resulting first-order perturbed Euler equations are

Magnitude of velocity and speed of sound are denoted by q
and a, respectively, and P is the logarithm of pressure. The
Riemann-like variables Q and R are defined as Q = q + aS
and R = q - aS. The modified entropy is related to pressure p
and density p according to

7(7-
(5)

The flow angle is 0, time is denoted by t, and local distances
along and normal to the streamline direction are denoted by s
and n, respectively. The ratio of specific heats is 7.

For steady flow, the analysis can be greatly simplified by
defining a new dependent variable T = Q - R and replacing
Eqs. (1-4) by

(M>-1)^-a« (7 - 1) qMS — = 0on (6)

dy

+ (7-

7-1

..W.S. r - T = 0dy (12)

ar

7-1

a0i a0i
dx T dy

as<x
dy

7- dy

1 \dJ\
dy

dx

i dS\\'-r—l =0dx,

mdT\
dx

asi asi
dx dy

- r — - | = 0
dx,

(13)

(14)

Velocity, speed of sound, and Mach number at infinity are
denoted by </<», a*,, and M^, respectively, and may vary nor-
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mal to the streamline direction downstream if the flow is
nonisentropic. The fact that all dependent quantities are con-
vected unchanged along rectilinear streamlines at infinity has
been incorporated into the preceding equations.

Asymptotic expansions of the variables Q and R can also be
defined as

Q = Goo + Qi + 62 + R = #00 + R! + R2 + (15)

Using the definition of T s Q - R and the expansion (10), it
follows that

TOO — Qoo — = Q2-R2 (16)

Introducing the expansions (10) and (15) into the algebraic
equation (9) gives the first-order relationship

M00(Ql - (Q, + R,) - = 0 (17)

This will be used later when the boundary conditions are
derived.

Solution of Equations
Solutions of the first-order Eqs. (12-14) can be developed

for various computational far-field boundary shapes. Shapes
representative of C-grid topologies that are commonly used
for numerical Euler solutions for airfoil flows have been cho-
sen for this analysis. The first-order boundary conditions can
then be developed from these analytic solutions.

When a C-grid topology is used for Euler calculations, the
C portion of the outer boundary is selected such that inflow
conditions exist along this portion and outflow conditions
exist along the vertically oriented portion. A parabolic shape
provides a simple analytic definition of the C portion of the
boundary whereas the vertically oriented portion can easily be
made linear. Modern grid generation methods, especially un-
structured grid methods, can easily accommodate these outer
boundary shapes.

Infinite Linear Boundary
The downstream boundary of a C grid can be made linear

but has a finite length. Outflow conditions prevail along this
boundary. If there is entropy produced within the computa-
tional domain, it crosses this downstream boundary and is
convected into the far field. The downstream far-field region
can be modeled by solving Eqs. (12-14) within a semi-infinite
half-plane.

The perturbation equations are linear partial differential
equations with nonconstant coefficients for nonisentropic
flow because qx and #<» vary in the downstream far field. The
coefficients are constant if the flow is isentropic. Solution of
the isentropic equations will be given first to illustrate the
solution procedure. Solution of an approximate form of the
nonisentropic equations will then be presented. For these de-
velopments, the boundary is assumed located at xd = 0 (see
Fig. 1); this choice is completely arbitrary.

Isentropic Flow
The isentropic form of the perturbation equations, Eqs.

(12-14), is

-5)-«
dx

(18)

(19)

For isentropic flow, the variables q^ and M«, are constant and
Soo - 2/(7 - 1). The parameter ft is defined as Vl -M2,. Using

Fourier transforms as outlined previously,9 the solution of
Eqs. (18) and (19) is

6i = —
T J -<

0 - t + fJLX)2 + V2X2

vxBb(t)

dt

- t + fJLX)2 + V2X2
dt

(20)

(21)

where /* = rM2/(/52 + r2) and v = p(l + r2)/^2 + r2). The bound-
ary is assumed located at x = 0. The flow angle perturbation
at the boundary is denoted by 6b = (6 - 600)\x = o. This distribu-
tion is provided by the nonlinear numerical solution.

Nonisentropic Flow
As shown previously,6 Eqs. (12-14) are simplified by intro-

ducing a new variable a defined by

7-1
(1-a) (22)

where a varies only in the direction normal to the streamlines
across the entropy wake. Isentropic flow corresponds to a - 0.
Since a is generally small, the thermodynamic relations can be
approximated by

T — --*• oo — 1 T-

(23)

Quadratic and higher-order terms in a have been neglected.
The reference quantities are defined as

-^—(l-al
-V/7- 1

(24)

= (j oo /&00

and are based on the assumption that the far-field pressure /?<»
is constant.

To illustrate the solution method for nonisentropic flow,
Eqs. (12-14) can be further simplified by setting r equal to
zero, which orients the downstream boundary normal to the
far-field flow direction. This is not overly restrictive since the

Fig. 1 Schematic of C-grid topology and boundary parameters.
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body (e.g., airfoil) being analyzed can be arbitrarily oriented
with respect to the boundary.

Introducing the approximations (23) into the governing
Eqs. (12-14) and setting T = 0 gives

y - = 0

•\/\ %
—

2 da
7 - 1 dy

(25)

(26)

(27)

where /3 s Vl -AfJ , and co(or) = 1 - 4/(T - l)(a/^i).
Equation (27) suggests that 5i is of higher order than TI or

0 t. If so, then the right-hand side of Eq. (26) can be set to zero
and Eq. (27) becomes decoupled. Validity of this assumption
can be verified later by evaluating numerical results. The final
system of equations is therefore

(28)

30, dT}-±+-+
dx dy

(29)

Using Fourier transforms as outlined previously,9 the approx-
imate solution for B\ is

7-1

1

7 - 1 7T/52^

4 Ml
7 - 1 TTtfi

0;(w)tan- 1 ( - l dudt

zx
(z2 + x2)2 dw (30)

where z = = / 3 ( l . y - H + l w - / l l ) . For isentropic flow this solu-
tion reduces to the familiar Poisson integral formula (21).

The approximate solution for T\ can be obtained by inte-
grating Eq. (28) rewritten in the form

2^00^/00 dx dy 7-1 irqi dx J _ (31)

where g = (y - t)/[/32(y - t)2 + jc2]. The solution (20) with
T = 0 has been used to approximate those terms multiplied by
a. Carrying out the integration with respect to x gives

7-1

a(t)Bb(t)g dt - o(y)\ 6b(t)gdt

7- 1 7T/5

( oo poo

ff'(0| e'b(U)log(z2 + X2)dU

1

OO P OO

<*0
J J - 00

dwdf

(32)

Repeating this iterative process results in more accurate ap-
proximations to the solution of the system of Eqs. (28) and
(29). Whether the additional effort is warranted can be de-
cided by assessing the numerical accuracy of the solutions (30)
and (32).

Although considerably more complex, the more general
solution for nonzero r can be obtained by following the same
procedures used in obtaining the solutions (30) and (32).

Parabolic Boundary
The upstream boundary of a C-grid topology can be made

parabolic in shape as shown in Fig. 1. This places no restric-
tions on modern grid generation procedures. The shape is
chosen such that inflow conditions exist along the boundary.
The onset flow crossing such a boundary for external flow
problems is typically isentropic so that the perturbation equa-
tions, Eqs. (18) and (19), are applicable upstream of the
boundary. Note that qw and Mw are constant for isentropic
flow.

Using complex variable notation, the parabolic transformation

x + iy = f2 + k (33)

produces a (£, r/) coordinate system that aligns with the para-
bolic boundary. The boundary shape as shown in Fig. 1 is
defined by y = jWC* - *o)/fe ~ *o)- If the coordinate line
t\ = b is made to coincide with the boundary, then b = yd/
(2V*rf - XQ) and k = x0 + b2. Note that for analysis of this
upstream boundary x = y - 0 corresponds to an arbitrary re-
ference point within the computational domain (e.g., airfoil
leading edge).

The scaling transformation defined by

(34)

transforms Eqs. (18) and (19) into

_ = _
dx~ dy~ ~

df 30

j_a0
$2dx,

3f

(35)

(36)

Application of the parabolic transformation (33) to these
equations gives

3r_30_ -Tg I" ?/3r J_30\

{37)

dT B&

(38)

The overbars have been deleted to simplify notation.
Since r is generally small, Eqs. (37) and (38) can be solved

by iteration (as in the previous section). The first approxima-
tion (assuming T = 0) can be obtained directly from the solu-
tions (20) and (21) as

(r, - &)7ft(Q (39)
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6=-
- t)Tb(t) :dt (40)

where Tb represents the distribution of the perturbation quan-
tity T at the parabolic scaled boundary 77 = b. Using these
results in the right-hand sides of Eqs. (37) and (38) gives

ar a0 rM2 i

(42)

• a*,

ar | a0_rM2 i r , af_ afl aF

The solution of the system (41) and (42) can be expressed as

r = 5' °=V~^n (43)

where / satisfies

a2/ a2/ a
—- + —— = — (C/ + F) (44)
o£ a?? ar;

Carrying out the integrations for U and F, as defined by Eqs.
(41) and (42), gives

U+ V = -2rM2

7T/5

(^ - to (45)

and

2/77
——

/ - to t -ib-l

Tb(t) dt (46)

where the complex conjugate f = £ — /r/. The result, Eq. (45),
can be used to obtain a particular solution of Eq. (44) by
integral transforms, which gives

rI =

- t-ib
t-ib-l

- ib - t - ib (47)

It is easily verified that this result is a particular solution of
Eq. (44).

For use in Eq. (43), derivatives of the solution / are

to

+ -^-
- to - (48)

and

[t-ib-lI (t-ib-If

Denoting contributions of the particular solution (47) by 7}
and Of, then

- to - f (^ - to -

(51)

The solution component 0/ is obtained by combining Eqs. (46)
and (49).

The analysis is further simplified by introducing constants
BI and B2 and a boundary function w defined as

B,=

T'b(t)

7*(0 d/

7i(0 d/

S-t

(52)

(53)

(54)

Using these quantities, the boundary distribution produced by
the solution component 7} can be expressed as

(55)

To satisfy the correct conditions at the boundary with respect
to information propagating upstream to the boundary from
the numerical solution, this distribution induced by the partic-
ular solution TI must be negated by including a solution of the
homogeneous portion of Eqs. (35) and (36). The second ap-
proximation to the solution of Eqs. (35) and (36) can then be
expressed as

i- < [Tb(t)-B(t)]dt (56)

(57)

The transformations (33) and (34) relate these solutions back
to the physical plane.

Repeating the iterative process [i.e., substituting the second
approximation into the right-hand sides of Eqs. (41) and (42)
and solving] would produce a more accurate third approxima-
tion, but the additional effort is probably not warranted. This
can be verified by assessing the numerical results.

Development of Boundary Conditions
Examination of Eqs. (1-4) shows that at a subsonic far-field

computational boundary there are three downstream-propa-
gating waves and one upstream-propagating wave. Therefore,
the information available from the numerical solution is not
complete and differs at upstream and downstream boundaries.
The missing information must be provided by the boundary
conditions. If the flow is supersonic, all waves are downstream
propagating and specification of boundary conditions is
straightforward.

Far-field computational boundary conditions (subsonic)
can be developed from the linearized Euler solutions obtained
earlier. These solutions are assumed valid in the region beyond
the computational boundaries where asymptotic conditions
exist. Within the computational boundaries, the full nonlinear
Euler equations must be solved numerically. The boundary
conditions provide for a smooth coupling of the nonlinear and
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linear solutions so that the true conditions at infinity can be
imposed.

Outflow Boundary Conditions
Analytic solutions of the linearized Euler equations that

describe the far-field flow beyond an infinite linear boundary
were obtained for both isentropic and nonisentropic condi-
tions. These solutions can be used to model the flowfield
beyond the downstream computational boundary of a C-grid
topology.

Isentropic Flow
For isentropic conditions there are two waves propagating

information to the downstream (outflow) boundary from the
numerical solution and one wave propagating information
upstream from outside the computational domain. The nu-
merical solution provides boundary distributions of flow angle
6 and the Riemann variable Q = q + aS. Note that S = 2/(y - 1)
for isentropic flow. The information required from outside
the computational domain is provided by the solution (20).

Using the definition of T = Q - R, the expansions (10), and
the solution (20), the boundary distribution of the Riemann
variable R = q - aS (i.e., the boundary conditions, Rbc-
Rw + RI) is calculated according to

~~ ^num

lim
(y-t (58)

The boundary distribution of Q propagated by the nonlinear
numerical solution to the boundary is denoted by Qnum. The
boundary is arbitrarily assumed located at A: = 0. The integra-
tion can be carried out numerically using, for example, trape-
zoidal integration. The boundary distribution Qb is obtained
from the distribution of B propagated to the boundary by the
numerical solution.

The numerical solution provides a distribution of 6b only to
the outer corners of the C-grid boundary denoted by y = ±yd
in Fig. 1. The distribution can be extrapolated beyond the
corners using a low-order polynomial in inverse powers of y,
such as 6b = C\ \y \ ~l + C?y ~2. Beyond the corners, db is rela-
tively small and contributes very little to the integration re-
quired in Eq. (58).

Many numerical solution algorithms for the Euler equations
use so-called characteristic far-field boundary conditions in
which a constant /?«> is imposed at an outflow boundary. The
boundary condition (58) therefore represents a logical first-
order asymptotic extension to the characteristic (or zero-order)
boundary conditions.

Nonisentropic Flow
For nonisentropic conditions, an additional entropy wave

crosses the downstream boundary from the numerical solu-
tion. If streamline curvature downstream of the boundary is
neglected, then the secondary perturbation variable a defined
by Eq. (22) can be approximated from

(59)

where Snum is the entropy distribution propagated to the
boundary by the nonlinear numerical solution.

Using the approximate solution for T\ given by Eq. (32), the
distribution of the Riemann variable R on the boundary (i.e.,
the boundary conditions) is calculated according to

The approximation (23) for Tw has been used, and Qnum again
denotes the boundary distribution of Q obtained from the
nonlinear numerical solution. This expression reduces to the
boundary distribution (58) for isentropic flow.

Inflow Boundary Conditions
The linearized solutions (56) and (57) can be used to simu-

late the isentropic flowfield upstream of a parabolic C-grid
topology. At an upstream isentropic inflow boundary, there
are two waves propagating information to the boundary from
outside the computational domain and one wave propagating
information upstream from the numerical solution. The solu-
tion (57) provides one of the missing pieces of information
from outside the computational domain; the remaining infor-
mation is provided by the perturbation relation (17).

The perturbation relationship (17) applied at the computa-
tional boundary r/ = b, assuming isentropic conditions [i.e.,
Soo = 2/(y - 1), Si = 0], yields the distribution of the Riemann
variable Q — Qw + Q\ (i.e., the first of two boundary condi-
tions) as

Qbc = Qoo (61)

where Rnum - R00 = Ri. The boundary distribution of R prop-
agated by the nonlinear numerical solution to the boundary is
denoted by Rnum. Likewise, the boundary distribution of Tb
needed in the solution (57) can be obtained from Eq. (17) and
the transformation (34) as

1
(62)

The distribution of flow angle on the computational boundary
(i.e., the remaining boundary condition, 6i,c = 0<» + 0i) is pro-
vided by the solution (57) as

- lim [Tb(t) - B(t)] dt

Rbc = Qnum ~ ' a* - lim (T{) (60)

(63)

The function B is composed of boundary integrals and is
defined by Eq. (55).

The transformations (33) and (34) relate £ and 77 to the
physical variables x and y according to

(64)

Note that x = y = 0 corresponds to some arbitrary reference
point within the computational domain and may differ from
that chosen for the downstream boundary analysis. As in the
case of Qb at the downstream boundary, Tb must be extended
along the parabolic portion of the boundary downstream of
x = Xd by some type of approximation compatible with the
downstream far-field solution (see Fig. 1). Extrapolation using
a low-order polynomial in inverse powers of £ is sufficient.

Zero-order (or characteristic) boundary conditions would
consist of imposing the constant values Q& and #„, at an
upstream boundary. It is evident that both of the upstream
boundary condition relations (61) and (63) represent logical
first-order asymptotic extensions of the commonly used zero-
order conditions.

Applications
The boundary condition procedures developed earlier herein

have been successfully implemented in several two-dimen-
sional Euler codes. Airfoil flowfields were calculated using
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Fig. 2 Core grid (GHIG) for NACA 0012 airfoil.

Fig. 3 Relative boundary locations of baseline (ACEA) and core
grids.

0.5 a = 4°

0 . 4 0 . 6 0 . 8 1 . 0

x/c
Fig. 4a ET12D surface Mach number predictions with outer
boundary at GHIG.

Me,, = 0.5 a = 4°

- Baseline
- - - - - - Zero-Order
- - - First-Order

Fig. 5a Pressure contours predicted by ET12D using zero-order
boundary conditions.

Fig. 4b FLO672D surface Mach number predictions with outer
boundary at GHIG.

Fig. 5b Pressure contours predicted by ET12D using first-order
boundary conditions.

far-field boundary shapes representative of a C-grid topology.
Both subsonic and transonic cases have been calculated.

The Euler calculations presented here were carried out for a
NACA 0012 airfoil using the ET12D and the FLO672D codes.
These two-dimensional codes are derivatives of their three-
dimensional counterparts and are based on different numeri-
cal solution algorithms.10'11 The ET12D code uses a Riemann
variable formulation and a characteristic-based finite differ-
ence solution algorithm. The two-dimensional formulation is
given by Eqs. (1-4). The FLO672D code uses a conservative
variable formulation and a central difference solution al-
gorithm. Nearly identical results were obtained from these two
codes. Implementation in other codes is described in Refs. 8
and 9.

Reference results were calculated using a baseline C grid
whose far-field boundaries were located at a large distance
(approximately 40 chord lengths) from the airfoil. This dis-
tance was sufficiently large so that the zero-order (characteris-
tic) and first-order boundary conditions produced almost
identical numerical flowfield predictions. The calculations
were repeated on a much smaller core grid using both the
zero-order and first-order boundary conditions. The small
grid boundaries were very close to the airfoil (approximately
one chord). These small grid results are compared with the
reference results from the large grid to assess the first-order
boundary condition accuracy.
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The C portion of the outer boundary for both the reference
and core grids was parabolic so that inflow conditions existed
at all points along the boundary. The downstream boundary
was linear and aligned with the y -coordinate direction as
shown in Fig. 1. Outflow conditions existed at all points of
this boundary.

The small core grid shown in Fig. 2 had 209 points dis-
tributed along the C curves and 41 points in the outward
direction. It extended one chord length upstream of the airfoil
leading edge and one chord length downstream of the trailing
edge. This grid remained unchanged for all of the calculations.
The large baseline grid had dimensions 273 x 65 and was
constructed by simply adding parabolic C lines outside of the
core grid inflow boundary and vertical lines downstream of
the outflow boundary. It extended 40 chord lengths upstream
and downstream of the airfoil leading edge. The relative loca-
tions of the outer boundaries of the two grids are shown in
Fig. 3. The inflow and outflow boundaries could be moved
individually or in combination.

Isentropic Flow
Surface Mach numbers predicted by the ET12D and

FLO672D codes using the core grid of Fig. 2 are presented in
Figs. 4a and 4b. The freestream Mach number for these calcu-
lations was 0.50, and the angle of attack was 4 deg. Results for
both zero-order and first-order boundary conditions imposed
along the boundary GHIG (see Fig. 3) are shown. Reference
results obtained with the large baseline grid are also included
for comparison. The surface pressure comparisons were
equally good. Pressure contours predicted by the ET12D code
are shown in Figs. 5a and 5b. The first-order conditions used
with this extremely small grid produce results that agree well
with the reference solution throughout the computational do-
main. The small grid has 52% fewer grid points than the
baseline grid, which reduces computational cost significantly.

Accuracy can be further quantified by comparing computed
lift. With the small core grid, the difference in lift from the
reference solution was less than 1% for both codes when the
first-order boundary conditions were used. Zero-order condi-
tions produced a lift difference of approximately 20%. Figure
6 shows the variation in lift coefficient predicted by the
FLO672D code using the zero- and first-order boundary
conditions as the downstream boundary location is moved
upstream toward the airfoil. With the first-order boundary
conditions, the lift coefficient remains essentially constant.
With the zero-order boundary conditions, accuracy degrades
rapidly as the downstream boundary distance is decreased.

Nonisentropic Flow
With a freestream Mach number of 0.85 and angle of attack

of zero, shock waves occur on the upper and lower surfaces of
the airfoil. This case was calculated using the ET12D code
with the downstream boundary located one chord from the
airfoil trailing edge and the overall boundary at BCDB (see
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Zero-Order Solution
First-Order Solution

Fig. 7a Pressure contours predicted by ET12D using zero-order
boundary conditions.

Boundary Distance, X/C
Fig. 6 Effect of downstream boundary location on lift coefficient
(FLO672D).

Fig. 7b Pressure contours predicted by ET12D using first-order
boundary conditions.

Fig. 3). Zero-order and first-order nonisentropic boundary
conditions were imposed on the downstream boundary BD. A
reference solution was also calculated using the large baseline
grid. For this case the vorticity wake produced by the shock
waves persists downstream to infinity and cannot be modeled
by decaying perturbations as might be obtained from a model
based on irrotational potential flow theory. Attempting to
model this wake as it crosses the downstream computational
boundary by constant boundary conditions (e.g., zero order)
is clearly inconsistent.

A shock-fitting procedure12 has been implemented in the
ET12D code that produces very accurate transonic flowfield
predictions. Since it tracks the shock further into the field than
a typical shock-capturing method, the parabolic inflow
boundary could not be moved to the GHI location. Pressure
contours comparing results using zero- and first-order
boundary conditions with the reference solution are shown in
Figs. 7a and 7b, respectively. Very accurate results are ob-
tained on the small grid when the first-order conditions are
used. The most noticeable effect of the zero-order boundary
conditions is the incorrect prediction of the shock location and
strength. Entropy contours, as shown in Ref. 9, further con-
firm the accuracy of the boundary condition procedures.

Surface Mach numbers predicted by FLO672D using the
small core grid GHIG are presented in Fig. 8. The shock waves
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are captured with this code, and their interaction with the
inflow boundary GHI is not significant. The first-order condi-
tions used with this small grid produce results that agree well
with the reference solution. The incorrect shock location
caused by the zero-order boundary conditions is apparent.

The linearized thermodynamic relations and iterative solu-
tion procedure used in obtaining the boundary conditions (60)
do not appear detrimental. The drag computed using the
first-order boundary conditions on the core grid differed by
less than 1% from that of the reference solution. Figure 9
shows the variation in drag coefficient predicted by the
FLO672D code using the zero- and first-order boundary con-
ditions as the downstream boundary location is moved up-
stream toward the airfoil. With the first-order boundary con-
ditions, the drag coefficient remains essentially constant. With
the zero-order boundary conditions, accuracy degrades
rapidly as the downstream boundary distance is decreased.

Discussion
Results presented earlier have shown that large efficiency

gains can be achieved by incorporating more accurate far-field
boundary conditions into numerical flowfield solution meth-
ods. The number of computational grid points for a given
accuracy level was reduced by approximately one-half by us-
ing first-order conditions. The reduction is potentially greater
for three-dimensional applications. Only a modest increase in
computational effort (approximately 5%) is required for the
first-order conditions. An additional efficiency gain may also
be provided in that fewer iterations are typically required for
solution convergence because of the closer proximity of the
far-field boundaries. These gains have not been quantified
precisely because no attempt has yet been made to optimize
the implementation with any particular numerical solution
algorithm.

The first-order boundary condition procedures are general
and can be combined with any inviscid numerical solution
method, including potential flow methods. Application to
viscous calculations has been demonstrated previously.8 It is
advantageous that the far-field boundary shape be simple to
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0 . 4 0 . 6x/c
Fig. 8 FLO672D surface Mach number predictions with outer
boundary at GHIG.

M.rO.85 a =0°

Io

Zero-Order Solution
First-Order Solution

Analytic Solution

Boundary Distance, X/C
Fig. 9 Effect of downstream boundary location on drag coefficient
(FLO672D).

Fig. 10 Pressure contours predicted by ET12D with far-field analytic
solution added.

reduce the analytic complexity of the boundary condition
procedures. In this respect, the procedures are particularly
well suited for unstructured and overlapping grid methods,
since outer boundary shapes can be kept relatively simple
without placing any burden on the grid generation method.

In deriving the boundary condition procedures, a number of
assumptions and simplifying approximations were introduced.
Their validity is best judged by the numerical results. For
nonisentropic (rotational) flow, the thermodynamic relation-
ships were linearized and an assumption was made that decou-
pled the energy equation describing entropy convection. The
remaining equations were solved approximately by an iterative
procedure. Similar approximations were used for internal flow
analyses with satisfactory results.6 A low-order, iterative solu-
tion procedure was also used in analyzing the isentropic para-
bolic boundary as explained earlier. Results presented earlier
suggest that these simplifications were not detrimental. Calcu-
lated values of lift and drag differed from reference values by
less than 1%.

When implementing the first-order boundary conditions, it
is necessary to extrapolate into the far field the boundary
distributions provided by the nonlinear numerical solution. A
simple procedure was suggested earlier. These extrapolated
distributions provide only a small contribution to the
boundary integrals and any reasonable approximation is suffi-
cient. For a C-grid boundary shape, these extrapolations inter-
act and should be compatible since the far-field solutions
overlap. A simplified coupling procedure was used in produc-
ing the results presented herein, and no attempt has been made
to optimize the coupling. Consistency of the procedure is
demonstrated by the pressure contours shown in Fig. 10.
Near-field contours of the ET12D computation on the core
grid match smoothly with far-field contours of the analytic
solutions.

Summary
Far-field computational boundary conditions have been de-

veloped for two-dimensional external flow problems. These
first-order boundary conditions are derived from analytic so-
lutions of the linearized Euler equations and represent a logi-
cal asymptotic extension of the zero-order (or characteristic)
boundary conditions commonly used in the numerical solution
of nonlinear fluid dynamic equations. The boundary condi-
tions and analytic solutions provide a smooth transition across
a computational boundary to the true far-field conditions at
infinity. The boundary procedure is general in that it can be
used in conjunction with any inviscid numerical solution
method. Use of different Euler codes having different numer-
ical solution algorithms have demonstrated this versatility.
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The first-order boundary conditions allow the far-field
boundaries to be located much closer, thereby reducing the
number of grid points needed for the numerical solution and
also the number of iterations for solution convergence. This
allows a significant reduction in the amount of computational
effort required for the nonlinear numerical solution because
the additional calculations required for the first-order boundary
conditions are modest. Results were shown where the number
of grid points was reduced by approximately 50%.

Because the boundary conditions are derived from the Euler
equations, the flow crossing the boundaries can be rotational
(nonisentropic), and the equations can be used for calculating
transonic flows containing shock waves. Several approxima-
tions were made in deriving the nonisentropic boundary condi-
tions. The numerical results presented support the validity of
these approximations. Representing the vorticity distribution
of a viscous wake as an entropy distribution allows the
boundary procedures to be used for viscous calculations.

The procedures used for deriving the boundary conditions
can be applied to boundary shapes other than the parabolic
and linear shapes presented herein. It is advantageous that the
far-field boundary shape be simple to reduce the analytic
complexity of the boundary condition procedures. In this
respect the procedures are particularly well suited for unstruc-
tured grid methods since outer boundary shapes can be kept
relatively simple without placing any burden on the grid gener-
ation method.
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